In a recent proposal [Jie and Zhang, Phys. Rev. A 95, 060701(R) (2017)], it has been shown that center-of-mass-momentum-dependent two-body interactions can be generated and tuned by Raman coupling the closed-channel bound states in a magnetic Feshbach resonance. Here we investigate the universal relations in a three-dimensional Fermi gas near such a laser modulated s-wave Feshbach resonance. Using the operator-product expansion approach, we find that, to fully describe the high-momentum tail of the density distribution up to q −6 (q is the relative momentum), four center-of-mass-momentum-dependent parameters are required, which we identify as contacts. These contacts appear in various universal relations connecting microscopic and thermodynamic properties. One contact is related to the variation of energy with respect to the inverse scattering length and determines the leading q −4 tail of the high-momentum distribution. Another vector contact appears in the subleading q −5 tail, which is related to the velocity of closed-channel molecules. The other two contacts emerge in the q −6 tail and are respectively related to the variation of energy with respect to the range parameter and to the kinetic energy of closed-channel molecules. Particularly, we find that the q −5 tail and part of the q −6 tail of the momentum distribution show anisotropic features. We derive the universal relations and, as a concrete example, estimate the contacts for the zero-temperature superfluid ground state of the system using a mean-field approach.
I. INTRODUCTION
Due to the short-range nature of the two-body interactions in dilute atomic gases, thermodynamic properties of degenerate fermions close to scattering resonances are universal, where the system can be described by a handful of physical parameters and are independent of the short-range details of the interaction potentials. In such strong-coupling regimes, universal relations exist among microscopic and thermodynamic quantities, which are connected by a set of key parameters called the contacts. First derived by Tan for a three-dimensional Fermi gas near an s-wave Feshbach resonance (FR) [1] [2] [3] , contacts and the corresponding universal relations have been experimentally confirmed [4] [5] [6] and have been generalized to various situations such as quantum gases in low dimensions [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , systems with higher or mixed partial-wave scatterings [18] [19] [20] [21] [22] [23] [24] [25] , bosonic gases [26] [27] [28] [29] [30] [31] , and Fermi gases under synthetic gauge field [32] [33] [34] .
Recently, Jie and Zhang proposed an experimental scheme to generate center-of-mass(CoM)-momentum dependent two-body interactions in cold-atomic gases, where the closed-channel bound states in a magnetic FR are Raman coupled [35] . As illustrated in Fig. 1 , the FR is modulated by two counterpropagating optical fields, which are applied to couple two molecular states in the closed channel to an excited molecular state. This leads
FIG. 1. (Color online)
Level scheme for the Raman-dressed FR, in which the Raman laser beams with frequencies ω1 and ω2 propagate along different directions (k1 = k2) [35] . The closed-channel bound states are labeled as |g1 , |g2 , and |e .
to a significant Doppler-shifted Stark effect, which causes both the scattering length and range parameter to be strongly dependent on the CoM momentum of the two scattering particles [35] . Whereas such a Raman-dressed FR can give rise to a Fulde-Ferrell pairing superfluid in a many-body setting [36] , one also expects that the contacts as well as the universal relations of the system should be significantly modified by the CoM dependence of the interaction.
In this work, we study the high-momentum tail of the density distribution and universal relations of a threedimensional Fermi gas near a Raman-dressed s-wave FR.
We adopt the operator-product expansion (OPE) approach [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] and derive the high-momentum distribution. We find that the high-momentum tail can be fully determined, up to q −6 (q is the relative momentum of the two-body scattering process), by four parameters which we identify as contacts. We show that one contact is related to the variation of energy with respect to the inverse scattering length, which determines the leading q −4 tail of the high-momentum distribution. Another vector contact shows up in the subleading q −5 tail, which is related to the velocity of closed-channel molecules. The other two contacts emerge in the q −6 tail and are related to the variation of energy with respect to the range parameter and the kinetic energy of closed-channel molecules, respectively. Whereas the contact associated with the scattering length is formally similar to Tan's contact in the original context, as both the scattering length and the range parameter are CoM-momentum dependent under the Raman coupling, all four contacts are now CoMmomentum dependent.
We then derive the universal relations and numerically evaluate the contacts for the zero-temperature pairing superfluid state under the Raman-induced CoMmomentum-dependent interactions. We show that two of the contacts are associated with the mean velocity and the mean kinetic energy of closed-channel molecules, and these may be nonzero when the ground state of the system is a Fulde-Ferrell-like superfluid. The latter case is expected, at least at the mean-field level, when the twocomponent gas is exposed to a suitable Raman dressing.
The paper is organized as follows: In Sec. II, we present the two-channel model with Raman-coupled molecular states in the closed channel. We also discuss interaction renormalization in the presence of Raman-coupling fields and calculate the corresponding CoM-momentumdependent scattering length and range parameter. In Sec. III, we calculate the high-momentum distribution of the system with the OPE approach. In Sec. IV, we derive the universal relations such as the adiabatic relations, the pressure relations, the virial theorem, and the energy functional. We numerically evaluate the contacts using a concrete example in Sec. V. Finally, we summarize in Sec. VI.
II. TWO-CHANNEL MODEL AND INTERACTION RENORMALIZATION
In the presence of the Raman lasers, the local La-
Here, ψ σ (σ =↑, ↓) are the field operators for the openchannel fermions. ϕ l (l = 1, 2) and ϕ e are the field operators for the closed-channel molecules in the states |g l (l = 1, 2) and |e , respectively. m is the atomic mass. The closed-channel molecules in the state |g l are coupled to the excited state |e by the Raman laser with the strength Ω l /2 and the phase θ l (R, t) = k l · R − ω l t. k l and ω l are the wave vector and the frequency of the corresponding optical field. The energies of the molecular states with respect to the open-channel threshold are given by E l and E e , respectively. In the following, we will denote the bare molecular detuning E 1 = ν 0 following the common practice. γ e denotes the spontaneous decay rate of the excited molecular state |e . The coupling between the open and the closed channel is given by g 0 . Note that we have neglected the background fermion-fermion interactions in the open channel, since it is not important close to resonance [47] . We have taken the natural units = k B = 1 throughout the paper. Following the practice in Ref. [36] , we remove the phase factor e ±iθ l (l = 1, 2) in the last term of L M , and introduce two new molecular fields: φ e (R) = ϕ e (R)e
−iθ1
and φ 2 (R) = ϕ 2 (R)e −i(θ1−θ2) . We can then write the molecular part in the momentum space:
T and the inverse propagator matrix is given by
with Here, δ 2 = E 2 − (ω 1 − ω 2 ) is the two-photon detuning, δ e = E e − ω 1 is the one-photon detuning, Q is the CoM momentum, and q 0 is the total incoming energy. In the following discussions, we assume that ϕ 2 is far detuned from the open channel and therefore not resonant. As illustrated in Fig. 2 , in the presence of the Raman coupling, the two-body T matrix is given by
where the bare molecule propagator is
with the self-energy [36]
, (12) which is essentially the Stark shift of the state |g 1 under the Raman laser. The polarization bubble is
We consider the scattering between two fermions with momenta Q/2 + k and Q/2 − k and with a total energy
In the absence of the Raman coupling, the bare atom-molecule coupling g 0 and the bare detuning ν 0 can be renormalized as [47] 
where Λ is the ultraviolet momentum cutoff, and the renormalized parameters are
Here, a is the scattering length for fermions in the open channel, B 0 is the FR point, and δµ is the difference in magnetic moments between the open and closed channels.
In the presence of the Raman fields, we match the scattering amplitude with the T matrix,
from which, we can relate the scattering length a and the range parameter R s with the bare parameters,
. (20) Importantly, both the scattering length and the range parameter are now CoM-momentum dependent.
III. HIGH-MOMENTUM DISTRIBUTION
In this section, we derive the high-momentum distribution for fermions with Raman-dressed FR using the quantum field method of OPE [7-9, 33, 37-46] .
The expression of the momentum distribution for the spin-σ species is given as [40] 
where V is the system volume. As the large-q behavior of n σ (q) is essentially determined by the one-body density
2 ) at short distances r 1/q, we have the expansion
where the local operator O n (R) can be constructed by quantum fields and their derivatives, and non-analytic dependence of the coefficients C n (r) on r gives rise to the high-momentum tail of n σ (q).
To determine C n (r), we calculate the matrix elements of the operators on both sides of Eq. (22) for an incoming state and an outgoing state in a two-body scattering process. We then identify the corresponding local operators O n (R) by matching the left-and righthand sides of Eq. (22) . We consider the incoming state |I = |Q/2 + k, ↑; Q/2 − k, ↓ , where the two fermions have momentum Q/2 + k and Q/2 − k, respectively. Similarly
The left-hand side of Eq. (22) can produce four types of diagrams, which are shown in Figs. 3(a)-3(d) . The diagrams in Figs. 3(a)-3(c) produce analytic functions of r, which can be matched by matrix elements of oneatom local operator ψ † σ (R)ψ σ (R) and its derivatives, as shown by Figs. 4(a)-4(c) . The only nonanalytic terms come from the diagram shown in Fig. 3(d) , which also contains analytical terms given by Fig. 4(d) . More explicitly, we can evaluate the diagram in Fig. 3(d) as where we use the Rayleigh expansion [48] 
Here, j l (x) and P l (Q ·r) are the spherical Bessel function and the Legendre polynomial, respectively.
In order to match the non-analytic terms on the righthand side of Eq. (23), we calculate the expectation values of the molecule local operator ϕ † 1 (R)ϕ 1 (R) according to 
Therefore, we have
Substituting Eq. (10) into (29), we have
Finally, we get
Matching Eq. (23) with Eqs. (30)- (33) and using the Fourier transform given by Eq. (21), we get the momentum distribution n σ (q) of the spin-σ species in the large-q limit (n 1/3 q 1/r 0 , with n the number density and r 0 the interaction range),
where the corresponding contacts are defined as
Note that C Q1 is a vector quantity. Particularly, we find that the q −5 tail and part of the q −6 tail of the momentum distribution given by Eq. (34) show anisotropic behaviors which are related to C Q1 and C Q2 .
Whereas all four contacts are now dependent on the CoM momentum of the colliding atoms, as we will show below, C a and C R are associated, through the adiabatic relations, to the scattering length and the range parameter of the s-wave interaction potential. The last two contacts C Q1 and C Q2 , which do not enter the adiabatic relations above, can be related to the velocity and the kinetic energy of the closed-channel molecules, respectively. In previous studies, it has been shown that contacts of a similar nature to C Q1 and C Q2 can exist for systems with either s-wave [11, 12, 23, 34, 42] or p-wave [9] interactions. For C Q1 and C Q2 to take finite values, however, the system should be either non-equilibrium or in an equilibrium state characterized by a finite CoM momentum. As we will illustrate later, for a typical ground state of our system, C Q1 and C Q2 acquire finite values as soon as the Raman coupling is switched on.
IV. UNIVERSAL RELATIONS
In this section, we derive the universal relations of our system, in which the contacts defined above serve as key parameters for various thermodynamic properties.
A. Adiabatic relations
In order to derive the adiabatic relations, we invoke the Feynman-Hellmann theorem, and examine the derivatives of the total energy E with respect to the two-body parameters
Applying the renormalization relations and the equation of motion for ϕ 1 (R), we have
We then have the adiabatic relations
where C a and C R are related to the energy derivative with respect to the inverse scattering length and the range parameter, respectively.
B. Pressure relation
For a uniform gas, the pressure relation can be derived following the expression of the Helmholtz free-energy density F = F/V , which can be expressed in terms of a dimensionless function f [3, 7-9, 18, 42, 49] ,
where T is the system temperature and k F is the Fermi wave vector. Equation (45) implies the scaling behavior of the Helmholtz free-energy density as follows
for a dimensionless and arbitrary parameterλ. Taking the derivative of Eq. (46) with respect toλ at λ = 1 yields
Substituting the thermodynamical relations F = nµ − P, E = F +T S, and S = −∂F/∂T into Eq. (47), together with the adiabatic relations (43) and (44), we can get the pressure relation as
where µ is the chemical potential, S is the entropy density, P is the pressure density, and E is the energy density.
C. Virial theorem
For an atomic gas in a harmonic potential V T = j mω 2 r 2 j /2, the Helmholtz free energy can be expressed in terms of a dimensionless functionf [3, 7-9, 18, 42, 49] ,
where N is the particle number and a ho = 2/(mω) is the harmonic-oscillator length. With Eq. (49), we can get the scaling law
whereλ is a dimensionless and arbitrary parameter. The derivative of Eq. (50) with respect toλ atλ = 1 yields
With the Legendre transformation in thermodynamics, one has E = F + T S, where the entropy is given by S = −∂F/∂T . Substituting E = F + T S and S = −∂F/∂T into Eq. (51), one gets
which, together with the Feynman-Hellmann theorem and the adiabatic relations (43) and (44), gives
D. Energy functional
We derive the energy functional using the equation of motion for the molecular fields [9] ,
where H is the Hamiltonian which is given in the next section. The result above shows that the Raman dressing introduces an extra term into the energy functional, which is related to the molecular energy shift due to the dressing lasers. Notice that an additional term V T should be added to Eq. (54) when the system is in the presence of a trapping potential V T .
V. CONTACTS IN THE SUPERFLUID STATE
To have a better idea of the behavior of contacts under the Raman dressing, we numerically evaluate the contacts using a concrete example. We consider the zerotemperature superfluid pairing state in the presence of the Raman-induced CoM-momentum-dependent interactions. The Hamiltonian can be written as
where the matrix X(µ, Q) is given by
We assume that the Raman lasers are counterpropagating along the z axis, such that the Raman lasers explicitly break the symmetry of the Fermi surface. The pairing state thus becomes Fulde-Ferrell like, and acquires a finite CoM momentum along the z direction [36] . We then drop the summation over Q in the thermodynamic potential and equate Q with Q z e z . Adopting 
where
Following the standard mean-field approach, we derive the zero-temperature thermodynamic potential,
where Θ(x) is the Heaviside step function, and E (±)
Further, momentum distribution of the spin-σ species is
where 
To numerically evaluate these contacts, we solve for Q z , ∆ Q , and µ of the ground state from the set of equations ∂Ω/∂B Q,e = 0, ∂Ω/∂B Q,2 = 0, ∂Ω/∂∆ Q = 0, ∂Ω/∂Q z = 0, together with the number equation n = −(1/V )∂Ω/∂µ. For the numerical calculations, we use the parameters of 40 K atoms. For concreteness, we consider 40 K atoms in the lowest two hyperfine states | ↑ ≡ |F = 9/2, m F = −9/2 and | ↓ ≡ |F = 9/2, m F = −7/2 . The parameters for the FR near 202 G are B 0 = 202.10 G, ∆ B = 8 G, a bg = 174a 0 with a 0 being the Bohr radius, and δµ = 1.68µ B with the Bohr magneton µ B [50] [51] [52] . Here we take the atom density n = 1.50×10
13 cm −3 [51] . We consider the typical values δ e = −2π × 500 MHz, γ e = 0, δ 2 = 0, Ω 1 = 2π × 120 MHz and Ω 2 = 2π × 20 MHz [53] . We assume the two laser beams to be counterpropagating along the z axis, and k 1 = k r e z = −k 2 with the recoil momentum k r 1.07k F with the two optical frequencies ω 1 ≈ ω 2 = 2π×3.9×10 14 Hz [53] [54] [55] . Figure 6 shows the contacts of 40 K atoms as functions of the magnetic field in a superfluid state. The red solid lines are the contacts in the presence of the Raman dressing, and the black dashed lines denote the contacts in the absence of the laser dressing. Apparently, the Raman dressing has significant impact on the contacts. Most prominently, as the Raman dressing gives rise to a FuldeFerrell pairing state, C Q1 and C Q2 acquire finite values only in the presence of the laser dressing.
VI. SUMMARY
We have shown that in a three-dimensional Fermi gas with Raman-dressed FR, the high-momentum tail of the density distribution can be characterized by four CoMmomentum-dependent contacts. These contacts determine the leading q −4 and the subleading q −5 and q −6 tails in the distribution and appear in various universal relations. Among the four contacts, we demonstrate that two are related to the scattering length and the range parameter, respectively. The remaining two contacts are related to the CoM motion of closed-channel molecules. We find that the q −5 tail and part of the q −6 tail of the momentum distribution show anisotropic behaviors. We derive the universal relations, and numerically estimate contacts for the zero-temperature superfluid state under the CoM-dependent interaction. Our results shed light on the behaviors of high-momentum distribution and the universal relations in cold-atom gases with dressed FR, and can be readily checked experimentally.
